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A B S T R A C T

In manganese electrolysis, electrochemical oscillations and manganese dendrite growth are typical
nonlinear phenomena critical for energy consumption reduction. Nonetheless, existing research lacks a
deep understanding of their underlying mechanisms. In this study, we systematically explored the
evolution of anode electrochemical oscillations during manganese electrolysis and designed a square
wave circuit to effectively suppress oscillations and dendrite growth while reducing energy consump-
tion. A novel four-dimensional differential equation was introduced to explore the internal dynamic
mechanisms of typical nonlinear behaviors. The experimental results showed that while the evolu-
tionary patterns of current and potential oscillation signals were consistent, their waveform directions
were opposite. The square wave current effectively suppressed both electrochemical oscillations and the
growth of manganese dendrites. Furthermore, compared to direct current electrolysis, the square wave
current improved the current efficiency by 3.6% and reduced the energy consumption by
0.32 kW·h·kg- 1.
© 2025 The Chemical Industry and Engineering Society of China, and Chemical Industry Press Co., Ltd.
All rights are reserved, including those for text and data mining, AI training, and similar technologies.

1. Introduction

In nature, numerous phenomena that seem random and un-
predictable may actually be driven by simple rules and complex
nonlinear interactions, including variations in meteorological
systems, the evolution of population dynamics, geological
changes, and other intricate phenomena [1—3]. The examination of
these complex phenomena has facilitated the formation and
development of chaos theory. Chaos is a type of complex dynam-
ical behavior inherent in nonlinear dynamical systems, exhibiting
an inherent degree of randomness [4]. The essence of chaos con-
trol theory lies in regulating external conditions to control these
intricate systems [5,6].

Chaotic systems are broadly classified into discrete-time maps
and continuous-time dynamical systems, with the latter being
more prevalent in modeling processes due to their differential
equation-based formalism. Due to their simple structure and

limited variables, low-dimensional chaotic mappings offer weak
confidentiality in image encryption. Consequently, researchers are
shifting towards high-dimensional chaoticmappings to bolster the
system’s security against malicious attacks [7,8]. As research pro-
gresses, three-dimensional continuous chaotic systems have
increasingly become a significant area of focus. Simple three-
dimensional continuous chaotic systems such as Lorenz were the
first chaotic dynamical systems discovered [9]. With further
research, systems like Rössler, Chua, Colpitts, Rikitake, and others
have been proposed successively [10—12]. To delve into higher-
dimensional chaotic systems and differentiate them from con-
ventional three-dimensional chaotic systems, hyperchaotic sys-
tems have been proposed. These systems are characterized by
having at least two positive Lyapunov exponents, such as multi-
vortex four-dimensional hyperchaotic systems and five-
dimensional Sprott B hyperchaotic systems [13,14]. Wang et al.
[15] designed a four-dimensional fractional-order hyperchaotic
systemwith coexisting attractors, and analyzed the stability of the
system and the conditions for the existence of a Hopf bifurcation.
Xiu et al. [16] designed a novel 5D memristive CNN hyperchaotic
system, and verified the physical realizability of the chaotic
behavior in the cellular neural network model with memristors.
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Chaos theory has seen increasing application across various
fields, achieving good effects in disciplines such as economics,
chemistry, cryptography, and ecology [17—21], but its application
in the field of manganese electrolysis is relatively scarce. The
manganese electrolysis industry faces numerous difficulties and
challenges, including the recycling of anode slime and manganese
slag [22—25]. However, the main issues in manganese electrode-
position are low current efficiency, high cell voltage, and high
energy consumption. To address these challenges, researchers
have focused on optimizing electrode materials and electrolyser
structures. Additionally, emphasis is placed on strategies for ad-
ditives, especially borrowing from the battery industry and other
fields to develop new additives [26—33]. Although additive-based
strategies and electrode modifications have partially mitigated
energy consumption issues, these approaches often fail to address
persistent challenges such as dendrite growth and electrochemical
oscillations. Furthermore, current research remains insufficient in
unraveling their underlying mechanisms. Consequently, there is
an urgent need to develop viable and effective methods to address
these challenges, thereby promoting the sustainable development
of the electrolytic manganese industry. A comparison of the
research in this paper with existing literature is shown in Table 1.

To further elucidate the evolution of electrochemical oscilla-
tions in manganese metal electrodeposition, this paper investi-
gated the evolution of anode electrochemical oscillations and their
mechanisms in electrolytic manganese, and designed a square
wave (SW) circuit to effectively suppress oscillations and dendrite
growth while reducing energy consumption (Fig. S1, Supplemen-
tary Material). Furthermore, a novel four-dimensional differential
equation was proposed to analyze the potential kinetic mecha-
nisms of electrochemical oscillations from a kinetic perspective.
The experimental results indicated that the current and potential
oscillation signals exhibited consistent evolution processes but
with opposite waveforms, and the SW current effectively sup-
pressed electrochemical oscillations. This research not only offers
a fresh direction for reducing energy consumption in the manga-
nese electrolysis industry but also serves as a theoretical and
technical reference for improving processes in other electrolysis
industries.

2. Materials and Methods

2.1. Reagents and materials

All reagents for the experimentswere analytically pure reagents
without additional purification treatment. The components and

concentrations of the electrolyte were MnSO4 (92 g·L- 1),
(NH4)2SO4 (120 g·L- 1), and SeO2 (30mg·L- 1). Ammoniawas added
to the electrolyte to maintain pH 7. In the simulated industrial
electrodeposition experiments, a 304 stainless steel platewas used
as the cathode and a lead-based quaternary alloy
(PbSn0.4Ag0.014Sb0.014) was used as the anode, with a plate spacing
of (3.7± 0.1) cm and awidth of (2± 0.1) cm.Manganese electrolysis
reacts at 40 ◦C. Ultrapure water was prepared by a water purifica-
tion system (HMC-WS10, Human Company, Korea).

2.2. Electrochemical testing and experimental equipment

Fig. 1 shows the experimental setup for electrochemical oscil-
lations, which contains a power supply (SPD3303X-C, SIGLENT,
China), a circuit board (signal generating module, the SW circuit
schematic is shown in Fig. S2), an oscilloscope (SDS1102X-C,
SIGLENT, China), a current control module, a power amplifier
(ATA101B, Aigtek, China), a multimeter (Acquisition of cell voltage
and electrical signals), electrolytic cell, an electrochemical work-
station (CHI660E, Shanghai Chenhua, China). Electrochemical
oscillation experiment was carried out using a three-electrode
system, in which the counter electrode was a platinum electrode
(1 cm × 1 cm in size and about 1 mm in thickness), the reference
electrode was a saturated calomel electrode, and the working
electrode was a conical quaternary alloy of PbSn0.4Ag0.014Sb0.014
(diameter about 3 mm). The spacing of the working electrode, the
reference electrode, and the counter electrode was (1.1 ± 0.05) cm,
and the external power supply was used to regulate the anodic
potential. The open-circuit-time mode (OCPT, sampling interval
0.006 s) was used for oscillation. The anode potential signals were
acquired by the electrochemical workstation and the signal pro-
cessing was performed with a low-pass filter (0.5 Hz) to filter the
noise.

2.3. Characterization method

The main components of the anode products were tested by
XRD (EMPYREAN, PANalytical B.V, The Netherlands). The micro-
structure of the anode and cathode was tested by SEM-Mapping
(TESCAN MIRA LMS, TESCAN, The Czech Republic, and Zeiss
Gemini Sigma 300, Carl Zeiss AG, The Federal Republic of Ger-
many). In order to analyze the chemical composition of the anode
products, the anode products were analyzed using Raman spec-
troscopy (LabRAM HR Evolution, HORIBA Jobin Yvon S.A.S, The
French Republic) test at 532 nm.

2.4. Calculation of current efficiency and energy consumption

The current efficiency (ratio of effective current to total current
used for manganese electrodeposition) was calculated using Eq.
(1).

ηc =
ΔMc

EMnIcΔt
(1)

where ƞc (%) is the current efficiency, ΔMc/Δt (g·s- 1) is the mass
gain of the cathode mass at the time interval Δt. Ic is the current
(A), and EMn is the electrochemical equivalent, equal to 1.025 g·

(A·h)- 1.
Calculation of specific energy consumption for manganese

electrodeposition using Eq. (2) [44].

Table 1
Comparison of the research presented in this paper with existing literature.

Source SW
current

System
analysis

Oscillation
analysis

Application areas

Yang et al. [34] No Yes No Electrolytic industry
Xie et al. [35] No No Yes
Hakimi et al. [36] Yes No No Electrode material
Jain et al. [37] Yes No No Copper nanoparticle
Hansen et al. [38] Yes No No Neuron
Gao et al. [39] Yes No No Wastewater treatment
Ruiz et al. [40] Yes Yes No Nonlinear circuit
Wan et al. [41] Yes Yes No Hopfield neural network
Jafari et al. [42] Yes No No Liquid—liquid extraction
Gong et al. [43] Yes No No Demulsification
This work Yes Yes Yes Electrolytic industry
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WMn =
CV× 1000
EMn × ηc

(2)

where WMn is the unit energy consumption of manganese metal
(kW·h·t- 1) and CV is the cell voltage (V). To avoid experimental
errors, the average current and average voltage of the whole
electrodeposition process collected by the current-voltage
analyzer were used to fit this paper.

3. Electrochemical Oscillations

3.1. Transient state

Electrolysis of manganese metal occurs in an open, flowing
system, which is a typical nonlinear process deviating from equi-
librium [45,46]. The anode exhibits abundant nonlinear behavior
during electrolysis. To investigate the process and underlying
causes of anodic electrochemical oscillation generation, constant
current electrolysis was employed in manganese electrolysis ex-
periments. Anodic potential oscillation data were collected using
the chronopotentiometry, resulting in Fig. 2(a). To ensure the
reliability of the results, the experimentwas repeated four times to
obtain Fig. 2(b). The figure shows that the generation of anodic
potential oscillation is a gradual process, progressing through a
stationary phase (where the potential remains essentially con-
stant), a transitional period (where the potential begins to oscillate
with small amplitude and frequency), and an oscillatory period
(where the potential continuously oscillates, with the amplitude
increasing over time). In addition, analogous oscillatory states are
observed during neuronal oscillations [47,48]. The anodic mud
undergoes three distinct stages: formation, envelopment, and
detachment. This process is analogous to the process involved in
the formation of electrochemical oscillations (Fig. 2(c)). Further-
more, studies have revealed a certain correlation between the
formation of anode slime and anodic electrochemical oscillations
[49].

3.2. Cyclic voltammetry (CV)

To investigate the impact of anode potential on the formation
of electrochemical oscillations, cyclic voltammetry tests were
conducted using the electrochemical setup shown in Fig. 3(a). As
depicted in Fig. 3(b), no oscillation peaks were observed during
the first forward scan. However, oscillation peaks emerged during
the reverse scan, and their amplitude and frequency gradually
decreased and disappeared as the voltage decreased. In the sec-
ond cycle, oscillation peaks appeared in both the forward and
reverse scans, suggesting that the anode might be fully covered
by anode slime. Repeated CV tests were conducted to observe the
changes in electrochemical oscillations following the complete
formation of anodic slime. After the anodic slime was fully
formed, the frequency and amplitude of the anodic current os-
cillations increased with the anodic potential (Fig. 3(c)—(d)).
These results were consistent with the scanning results observed
in the second cycle of Fig. 3(b). This indicates that both the
amplitude and frequency of anodic current oscillations are posi-
tively correlated with the anodic potential, meaning that the
input of external energy can influence the reaction rate of the
anode, and changes in voltage can accelerate or decelerate the
formation of current oscillations.

3.3. Potential oscillation

3.3.1. The influence of current intensity on potential oscillation
To explore the influence of anodic current on anodic po-

tential oscillations, electrolytic manganese experiments were
conducted under various current conditions. As evident from
Fig. 4(a), the results of the three repeated experiments were
largely consistent. The second set of these repetitions, which
exhibited greater stability, was selected for further analysis. As
shown in Fig. 4(b), with an increase in current, both the
amplitude and frequency of anodic potential oscillations
exhibit an upward trend, and the overall potential level of the

Fig. 1. Schematic diagram of electrochemical experimental device.
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oscillations shifted upwards. These observations indicate that
the input of external energy accelerates the reaction rate at
the anode. At a current of 0.01 A no potential oscillation oc-
curs at the anode, with the potential remaining constant.
When the current increased to 0.03 A, potential oscillation
occurs at the anode. It is demonstrated that the occurrence of
potential oscillations at the anode requires appropriate con-
ditions, and that variations in anodic current can either pro-
mote or inhibit these oscillations.

3.3.2. Phase space reconstruction of potential oscillation delay
mapping (excluding transient)

To further analyze the anode potential signal and investigate
the impact of varying currents on the anode’s response, phase
space reconstruction of the signal was conducted. Phase space
reconstruction [50] is a scientific method that assesses the pres-
ence of nonlinear relationships within a signal and is extensively
utilized in ecosystems, climate systems, biological systems, and
engineering systems [51—53]. Consequently, the electrochemical
oscillatory signals generated during the electrolysis of manganese
metal were subjected to phase space reconstruction.

As shown in Fig. 5(a), at the same current density, the graph after
phase space reconstruction of the anode potential signal gradually
unfolds and changes shape as the delay time τ increases. Comparing
Fig. 5(a) and (b), it is evident that the shape resulting from phase
space reconstruction remains largely unchanged at the same delay
time. As current density increases, the initial potential shifts from
2.2V to2.3 V, and concurrently, the entire graph is positionally offset
towards the upper right. The structure of the attractor obtained
through phase space reconstruction under different currents
is essentially the same, with only the position being shifted. This
suggests that the increase in current did not initiate a novel elec-
trochemical reaction, but only served to intensify the reaction
process.

3.4. Current oscillation

3.4.1. The influence of voltage intensity on current oscillation
Based on previous findings, it is established that the anode not

only exhibits potential oscillations but also generates current
oscillations (Figs. 2 and 3). In order to further explore the for-
mation process of current oscillations and the effect of different
potentials on current oscillations, manganese electrolysis

Fig. 2. Experimental results of anodic potential oscillation with a current intensity of 0.035 A·cm- 2 and pH 7. (a) The first experiment, (b) repeated four experiments under the
same conditions, (c) the formation process of anode slime.
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experiments were conducted at various potentials, with concur-
rent collection of anode current signals. To obtain reliable
experimental results, the experiment was repeated three times at
the same voltage (Fig. 4(c)). The results of the second experiment
were selected to obtain Fig. 4(d). As depicted in Fig. 4(d), at a
potential of 2.0 V, the anode does not exhibit current oscillations,
and the current remains stable. As the potential gradually in-
creases, the anode begins to generate current oscillations with
small frequency and amplitude. When the potential reaches 2.6 V,
both the frequency and amplitude of the anode current oscilla-
tions increase, and the overall current oscillations shift upwards.
It is demonstrated that the onset of current oscillations is a
gradual process, and there exists a close correlation between the
generation of current oscillations and the formation of anodic
slime. Furthermore, anodic current oscillations occur under spe-
cific conditions, and changes in potential can either promote or
inhibit them. This is analogous to the impact of different currents
on potential oscillations.

3.4.2. Phase space reconstruction of current oscillation delay
mapping (excluding transient)

To further analyze the anode current signal and investigate the
impact of varying potentials on the anodic reaction, phase space
reconstruction of the anode current signal was conducted. As
shown in Fig. 5(c), with an increase in delay time, the attractor
shape progressively unfolds, revealing a more regular structure
and better showcasing the information within the current

oscillations. A comparable change is evident in Fig. 5(a). Upon
comparing Fig. 5(c) with Fig. 5(d), it is noted that as the potential
increases, the initial current shifts from 0.100 A to 0.123 A, and the
current oscillation attractor is observed to shift towards the upper
right. A similar pattern is also seen between Fig. 5(a) and (b). The
results of the phase space reconstruction analysis indicate that the
anode current signal and the potential signal exhibit similar vari-
ation trends. Notably, the chaotic attractor structure formed by the
phase space reconstruction of the current and potential oscillation
signals appears symmetric about the line y = x, implying a certain
degree of correlation between the current and potential signals.

4. Chaotic System Design

4.1. System attractor

To systematically investigate the evolutionary mechanisms of
electrochemical oscillations, we propose a novel four-dimensional
differential equation based on the Rössler. The classical three-
dimensional Rössler system (Eq. (S1) in Supplementary Material)
manifests chaotic characteristics in its phase space (Fig. S5(a)—(c)).
However, it demonstrates critical limitations when modeling
electrochemical oscillatory behaviors. Specifically:

(1) Mismatch of described objects: As the parameter a in-
creases, the waveform of y exhibits gradual transformations,

Fig. 3. Cyclic voltammetry scan results with a starting scanning direction of anode and a sample interval of 0.001 V. (a) Schematic diagram of electrochemical test, (b) CV results
before and after anode slime formation (scanning speed: 0.005 V·s- 1), (c) CV results of repeated experiments after the formation of porous anode (scanning speed: 0.005 V·s- 1),
(d) CV results of repeated experiments after the formation of porous anode (scanning speed: 0.002 V·s- 1).
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but it fails to consistently align with the waveform observed
in experimental outcomes (Fig. S5(d)).

(2) Asymptotic behavior inadequacy: While z evolves from pe-
riodic to chaotic states at c = 4—10, it fail to describe the
experimentally observed progressive behaviour of electro-
chemical oscillations when c ＞ 10 (Fig. S5(e)).

(3) Inverse bifurcation behavior: Increasing parameter b drives
z from chaos to periodicity, contradicting the electro-
chemical oscillation trends (Fig. S5(f)).

These limitations stem from the intrinsic simplicity of the three-
dimensional Rössler system, which inadequately describes high-

Fig. 4. Electrochemical oscillations under different conditions with cathode area of 2 cm2, (a) summary chart of all data on potential oscillation, (b) results of the second
experiment data in (a), (c) summary of all current oscillation data, (d) the local current oscillation amplification diagram of the second experiment in (c).

Fig. 5. Phase space reconstruction of anode electrical signals at different delay times. (a) Potential signal at a current density of 0.035 A·cm- 2, (b) potential signal at a current
density of 0.045 A·cm- 2, (c) current signal at a potential of 1.3 V·cm- 2, (d) current signal at a potential of 1.4 V·cm- 2.
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dimensional nonlinear interactions. Therefore, introducing a higher-
dimensional chaotic system becomes imperative to accurately char-
acterize the complex dynamics of electrochemical oscillations.

To construct higher-dimensional chaotic systems, nonlinear
terms are typically introduced into the three-dimensional frame-
work. As shown in Eq. (3), the extendedRössler system incorporates:
(1) a nonlinear coupling term z(- k1+k2|w|) in the first dimension,
where |w| interacts dynamically with z; (2) a linear term 4(n- 1)z in
the third dimension to regulate the growth or decay rate of z; and (3)
a linear feedback coupling betweenw and z in the fourth dimension,
enhancing the interplay between variables.

The novel established four-dimensional Rössler-like chaotic
system is presented in Eq. (3).
⎧
⎪⎪⎨

⎪⎪⎩

.x = - y - z( - k1 + k2|w|)

.y = x+ ay

.z = b+ xz - cz - 4(n - 1)z
.w = 1+ 23(7 - n)2(z - (w - n))

(3)

where a, b, c, k1, k2, and n are the system parameters, and the system
is period when a = 0.1, b = 0.1, c = 2.2, k1 = 0.3, k2 = 3.2, n = 1.

A novel four-dimensional chaotic system (3) is obtained by
introducing a state variable w based on the improvement of the
Rössler system. The phase trajectory diagram Fig. 6 of system (3) is
obtained after computation byMATLAB software. The dissipativity
of Eq. (3) is analyzed to obtain the following results:

∇V=
∂ .x
∂x

+
∂ .y
∂y

+
∂ .z
∂z

+
∂ .w
∂w

= x - 830.1 (4)

when x ＜ 830.1, ∇V ＜ 0, indicating that system (3) is stable. As time
approaches infinity, each volume element containing a system
trajectory shrinks exponentially towards 0 at a rate of
x - 830.1. Consequently, all system trajectories converge asymp-
totically to a fixed attractor.

To find the equilibrium point of the system where the right-
hand side of Eq. (3) equals zero, the following equation is derived:

⎧
⎪⎪⎨

⎪⎪⎩

- y - z( - k1 + k2|w|) = 0
x+ ay = 0
b+ xz - cz - 4(n - 1)z = 0
1+ 23(7 - n)2(z - (w - n)) = 0

(5)

Solving Eq. (5) yields two equilibrium points S1 =

(0.0140, - 0.1397, 0.0458, 1.0470), S2 = (2.1541, - 21.5414, 2.1802,
3.1814). The jacobi matrix of system (3) at the equilibrium point is
as follows:

J =

㊣

⎢
⎢
㊣

0 - 1 k1 - k2|w| - k2z
1 a 0 0
z 0 x - c - 4n+ 4 0
0 0 23(7 - n)2 - 23(7 - n)2

㊣

⎢
⎢
㊣ (6)

The roots of the characteristic equations corresponding to the
two equilibrium points are calculated as shown in Table 2. The
type of equilibrium point is determined by the roots of the char-
acteristic equation [54,55].

4.2. Simultaneous adjustment of signal amplitude, frequency, and
offset boosting

In order to explore the effect of parameter n on the state
variable w, the time series plot of w is obtained by MATLAB
calculation. As illustrated in Fig. 7(a), as the parameter n varies
from 0.6 to 1.6, the amplitude and the offset of the w signal are

Fig. 6. Phase diagrams of the novel four-dimensional chaotic system (1) when a = 0.1, b = 0.1, c = 2.2, k1 = 0.3, k2 = 3.2, n = 7. (a) x—y phase, (b) x—z phase, (c) x—w phase, (d) y—z
phase, (e) y—w phase, (f) z—w phase.

Table 2
Eigenvalues for each equilibrium and corresponding equilibrium types.

λ S1 S2

λ1 - 828 - 828.0184
λ2 - 2.1292 - 0.0118 + 6.1441i
λ3 0.0216 + 1.0096i - 0.0118 - 6.1441i
λ4 0.0216 - 1.0096i 0.0961
Equilibrium stability Unstable saddle focus Unstable saddle focus
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controlled by the constant n. As the constant n increases, the
amplitude of the w signal rises, and concurrently, the offset of the
w signal intensifies. However, when the parameter n is adjusted
from 2 to 6, the w signal not only experiences an offset but also
gradually transitions from a periodic to a chaotic motion state
(Fig. 7(b)). Moreover, Fig. 7(c)—(d) further demonstrate that the
frequency magnitude of the w signal is governed by the constant
n. The more rapidly the constant n increases, the more significant
the amplitude of the w signal oscillation becomes. It can be
observed that by introducing the constant n, we not only attain
synchronous enhancement of the amplitude, frequency, and
offset of the w signal, but more importantly, this approach en-
dows the parameter n with the direct ability to control the mo-
tion state of the w signal.

Based on the findings in Sections 3.3 and 3.4, we observed
that as the external voltage or current increases, the amplitude
and frequency of the anodic electrochemical oscillations also
increase, accompanied by an offset. When system (1) is used as
an electrical circuit, adjusting the parameter n allows for the
control of electrical signals with varying amplitudes and fre-
quencies, while also inducing an offset in the signal. This
further indicates that it is consistent with the evolutionary
law of electrochemical oscillation, and it may have a re-
gulatory effect on anodic electrochemical oscillations, with the
potential to predict their behavior. This discovery offers a fresh
perspective for the further regulation of anodic electrochemical
oscillations and the reduction of electrolysis energy
consumption.

4.3. Attractor after phase space reconstruction of w

To more intuitively observe the impact of the parameter n on
the state variable w, the delay time method is employed to obtain
the attractors of w for n = 1 and n = 7. Adjusting the delay time τ

can alter the shape of the attractor, making it vital to choose the
optimal τ to present the most comprehensive information. At
n = 1, the attractor gradually expands outward from a nearly
linear state as τ increases, becoming increasingly clear (Fig. 8(a)—
(c)). The optimal delay time is τ = 0.3, which reveals the most
complete information. As shown in Fig. 8(d)—(f), the attractor
obtained from the phase space reconstruction of w at parameter
n = 7 exhibits similar changes as the attractors in Fig. 8(a)—(c). By
comparing Fig. 8(a)—(c) with Fig. 8(d)—(f), it becomes evident
that as the parameter n increases, the shape of the attractor re-
mains largely unchanged for the same delay time, while the
motion state of the system changes. It is indicated that the vari-
ation of parameter n can influence the state of the system, with
outcomes similar to the effect of parameter n on the state variable
w in Section 4.2.

4.4. Lyapunov exponents and bifurcation diagram

To explore the impact of parameters n, c, and k1 on the
dynamical state of the system, we calculated the corresponding
Lyapunov exponents and bifurcation diagrams using MATLAB. As
the bifurcation parameter n increases, the system undergoes
successive transitions from chaotic to periodic and back to

Fig. 7. Signal of the fourth-dimension w of system 1 with a = 0.1, b = 0.1, c = 2.2, k1 = 0.3, k2 = 3.2. (a) n = 0.6—1.6, (b) n = 2—6, (c) n = 1—1.9, (d) enlarged signals of (c).
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chaotic states. This dynamic evolution is rigorously supported
by the alternation between positive and negative Lyapunov ex-
ponents (Fig. 9(a) and (d)). Similarly, as the bifurcation

parameter c increases from 0 to 15, the system exhibits suc-
cessive transitions through 2-cycle, 4-cycle, chaos, 5-cycle, and
chaos, which are validated by the corresponding alternations in

Fig. 8. Delay mapping phase space reconstruction diagram of w. (a)—(c): a = 0.1, b = 0.1, c = 2.2, k1 = 0.3, k2 = 3.2, n = 1, (d)—(f): a = 0.1, b = 0.1, c = 2.2, k1 = 0.3, k2 = 3.2, n = 7. (a)
τ = 0.1, (b) τ = 0.2, (c) τ = 0.3, (d) τ = 0.1, (e) τ = 0.2, (f) τ = 0.3.

Fig. 9. Lyapunov exponents and bifurcation diagram. (a) The variation of Lyapunov exponents with parameter nwhen a = 0.1, b = 0.1, c = 2.2, k1 = 0.3, k2 = 3.2, (b) the variation of
Lyapunov exponents with parameter c when a = 0.1, b = 0.1, k1 = 0.3, k2 = 3.2, n = 1, (c) the variation of Lyapunov exponents with parameter k1 when a = 0.1, b = 0.1, c = 2.2,
k2 = 3.2, n = 1, (d) the corresponding bifurcation diagram with parameter n, (e) The corresponding bifurcation diagram with parameter c, (f) the corresponding bifurcation
diagram with parameter k1.
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Lyapunov exponents (Fig. 9(b) and (e)). As the bifurcation
parameter k1increased from 0 to 15, the system exhibited suc-
cessive periodic-to-chaotic transitions, with a transient periodic
window emerging between two chaotic regimes (Fig. 9(c) and
(f)). This bifurcation sequence is quantitatively validated by the

corresponding Lyapunov exponent spectrum. The research re-
sults show that, with the variation of parameters, the system
exhibits a rich variety of states, including stable, periodic, and
chaotic states.

Fig. 10. Comparison of SW electrolysis and DC electrolysis anode potential signals at the same current. (a) SW current frequency of 100 Hz, (b) DC electrolysis potential signal
corresponding to (a); (c) SW current frequency of 150 Hz, (d) DC electrolysis potential signal corresponding to (c); (e) SW current frequency of 200 Hz, (f) DC electrolysis potential
signal corresponding to (e).
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5. Square Wave Circuit Application

5.1. Effect of square wave circuit on potential oscillation

To investigate the impact of the SW circuit on the electro-
chemical oscillation of the anode, the SW circuit was employed
in manganese electrolysis experiments. The SW circuit is
equipped with capabilities for amplitude modulation, fre-
quency modulation, and signal offset, allowing for the
adjustment of output signals at different frequencies to facil-
itate comparative experiments (Fig. S3). The average current
value of SW electrolysis was obtained from the collected cur-
rent signal, and DC electrolysis used this average value as the
output current.

A comparison of Fig. 10(a) and (b) shows that during DC
electrolysis, the anode exhibits potential oscillations to varying
degrees. However, when a SW circuit is used as the power
supply to output electrical signals, the anode potential oscilla-
tions are suppressed, with virtually no oscillations observed
across the entire current gradient. Subsequently, we investi-
gated the impact of the SW circuit on anode potential oscilla-
tions when outputting electrical signals at different frequencies.
As illustrated in Fig. 10(c)—(f), the anode potential oscillations
remain suppressed across the entire current gradient, consistent
with the results obtained when the electrical signal frequency
was 100 Hz. As a result, it has been proven that SW circuit can
effectively regulate anode potential oscillations to a certain
extent. Furthermore, the effective suppression of these

oscillations helps to improve the stability of the electrolytic
manganese metal production process.

5.2. Effect of square wave circuit on cell voltage and internal
resistance of solution

To investigate the impact of the SW electrolysis on the elec-
trolysis cell voltage and solution internal resistance, controlled
experiments were carried out using both DC and SW at the same
current. As illustrated in Fig. 11(a)—(c), the cell voltage rises as the
electrolysis current increases; however, the cell voltage for SW
electrolysis is lower than that of DC electrolysis across the entire
current range. Specifically, at a signal output frequency of 100 Hz
for SW circuit, the cell voltage decreases by an average of 11.39%. At
signal output frequencies of 150 Hz and 200 Hz, the average re-
ductions in slot voltage are 11.56% and 12.97%, respectively. Based
on the above results, it is concluded that the optimal reduction in
slot voltage is achieved at a signal output frequency of 200 Hz.

The solution internal resistance is calculated based on the cell
voltage and output current. As illustrated in Fig. 11(d)—(f), the
solution internal resistance of SW electrolysis remains lower than
that of DC electrolysis throughout the entire current range as the
output current of the power supply increases. This suggests an
increase in the ion migration rate within the solution, which leads
to an accelerated reaction rate and a gradual decrease in the so-
lution’s internal resistance. Specifically, at a signal output fre-
quency of 100 Hz for the SW current, the solution internal
resistance decreases by an average of 11.20%. As the frequency rises

Fig. 11. Comparison of SW and DC cell voltages and solution internal resistance at the same current. Cell voltage comparison with (a) 100 Hz, (b) 150 Hz, (c) 200 Hz frequency;
internal resistance comparison with (d) 100 Hz, (e) 150 Hz, (f) 200 Hz frequency.
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to 150 Hz and then to 200 Hz, the average reduction in solution
internal resistance reaches 11.59% and 13.04%, respectively. Based
on the aforementioned results, it is evident that the optimal
electrical signal output frequency is 200 Hz. It is evident that the
SW circuit markedly lowers the cell voltage and solution internal
resistance, thus offering an effective approach for reducing the
energy consumption in electrolytic manganese production. This
holds great significance for achieving energy savings and emission
reductions in the electrolytic manganese industry.

5.3. Effect of square wave circuit on anode slime

To explore the impact of the SW circuit on the anode de-
posits, the anode deposits from both the SW and DC

electrolysis were characterized and tested separately. XRD
analysis revealed that the primary components of the anode
deposits consisted of MnO2 and PbSO4 (Fig. 12(a)). The Raman
spectra exhibited characteristic peaks for γ-MnO2 at 350 cm- 1

and 630 cm- 1 [56,57], as well as for δ-MnO2 at 566 cm- 1 [58],
indicating the presence of two distinct MnO2 crystal types in
the anode deposits (Fig. 12(b)). SEM images revealed that the
anodic deposits from DC electrolysis primarily consisted of
MnO2 spherical particles that gradually accumulated. Further-
more, it was observed that there were two distinct types of
MnO2 spherical particles under DC electrolysis: one type was
covered with needle-like protrusions on its surface, while the
other exhibited a smooth surface (Fig. 12(c)—(d)). In compari-
son to the DC electrolysis anode deposit, the anodic deposit

Fig. 12. Microstructure and phase composition analysis of anode products. (a) XRD analysis of anode products; (b) Raman analysis of anode products; (c) and (d) microstructure of
anode products under DC electrolysis; (e) microstructure of anode products under SW electrolysis.
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from SW electrolysis also formed through stacking, but it was
composed of irregular, lumpy particles (Fig. 12(e)). Based on
this, we speculate that SW current influences the formation of
anode slime by generating MnO2 particles with different
structures, thereby regulating the anode potential oscillations.

5.4. Effect of square wave circuits on current efficiency and energy
consumption

To verify the advantage of SW current in reducing energy
consumption during manganese electrodeposition, manganese
metal electrodeposition experiments were conducted under
simulated industrial conditions (Electrolysis time: 30 min). During
electrolysis, current and voltage fluctuations within a certain
range were observed for both DC and SW electrolysis (Fig. 13(a)—
(d)). Therefore, the current and voltage throughout the entire
process were collected, and their average values were used to
calculate current efficiency and energy consumption. Comparative
analysis demonstrated that SW electrolysis (400 Hz) exhibited
significantly superior current efficiency than DC electrolysis over a
wide current range, with an average enhancement of 3.6% (Fig. 13
(e) and Table S1). In terms of energy consumption, SW electrolysis
also displayed significantly reduced values, averaging
0.32 kW·h·kg- 1 less than DC electrolysis (Fig. 13(f) and Table S1).

The surface morphology of cathodic metallic manganese is pre-
sented in Fig.13(g)—(h). Optical microscopy analysis demonstrated
the absence of spherical dendrites in the central regions of the SW-
electrodeposited layers, with only limited dendritic growth
observed at the electrode edges. Similar observations were
consistently noted in deposited layers formed under different
applied currents (Fig.S4).

The surface morphology of cathodic manganese deposits after
30 min of electrolysis is shown in Fig. 14. Under SW current, the
manganese surface is dominated by irregular prismatic cone
structures, whereas DC generates spherical dendrites with non-
uniform sizes on the deposited surface (Fig. 14(a) and (b)). The
dendritic growth of manganese on cathodes primarily originates
from non-uniform current density distribution across the elec-
trode. Specifically, the current density at the cathode plate edges
typically exceeds that at the central regions, promoting preferen-
tial dendrite formation along the periphery. Such dendritic struc-
tures not only risk inducing short circuits between electrodes but
also reduce current efficiency. Notably, the effective suppression of
dendritic growth using SW current highlights its role in optimizing
current density distribution (Fig. 14(c) and (d)). This work pro-
poses a novel strategy to alleviate inter-electrode short-circuiting
induced by dendrite formation in industrial electrolytic manga-
nese production.

Fig. 13. Comparison of signals, current efficiency, energy consumption and deposits in different electrolytic processes after 30 min of electrolysis (SW:400 Hz). (a) DC current
signal; (b) DC voltage signal; (c) SW current signal; (d) SW voltage signal; (e) current efficiency; (f) energy consumption; (g) SW deposits; (h) DC deposits.
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6. Conclusions

In this study, the analysis of the electrochemical signals at the
anode revealed that, although the evolutionary laws of the cur-
rent and potential oscillation signals were consistent, the wave-
form structures of the oscillations exhibited opposite directions.
Furthermore, as the current density increases, the electro-
chemical oscillation signals shift towards higher current and
potential values, with a simultaneous increase in amplitude and
frequency.

To achieve more effective regulation of electrochemical oscil-
lation signals, we independently designed a frequency-adjustable
SW circuit and successfully applied it in the electrolysis of man-
ganese metal. The experimental results demonstrated that the SW
current effectively suppressed both electrochemical oscillations
and the growth of manganese dendrites. Furthermore, compared
to direct current electrolysis, the SW current improved the current
efficiency by 3.6% and reduced the energy consumption by
0.32 kW·h·kg- 1.

To gain a clearer and deeper understanding of the evolution law
of electrochemical oscillations, we proposed a novel four-
dimensional chaotic system based on experimental results. The
evolution of its amplitude and frequency with varying parameters
closely matched the experimental observations. By adjusting the

parameter n, we could control the output of electrical signals with
different amplitudes or frequencies, which also exhibited shifts.
This provided a theoretical reference for the process of electro-
chemical oscillation reactions.

The newly designed SW circuit in this study not only opens up a
novel pathway for reducing energy consumption in the electrolytic
manganese industry but also provides valuable theoretical and
technical references for other electrolytic industries and their
process improvements.
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